Chapter 6
General Linear Transformations

6.1 Linear Transformations from R" to R™

We studied linear transformations in Section 4.2 and used the following definition to

determine whether a transformation from R™ to R™ is linear.

Definition 6.1.1. A transformation 7" : R" — R™ is linear if the following two

properties hold for all vectors « and ¢ in R™ and every scalar c:
(a) T(u+ V) =T(u)+ T(v), and
(b) T(ct) = T'(1)
Example 6.1.1. Using this theorem we can show for example that
1. T : R?* — R? defined by T'(x,y) = (2x,z — y) is linear transformation.

2. T :R? — R? defined by T'(z,y) = (2%, y) is not linear.

6.2 General Linear Transformations

Definition 6.2.1. Let V' and W be two vector spaces, not necessarily a Euclidean
space. A function f, which maps every vector from V to W is called a map or
transformation from V to W. If V. = W, then it can also be called operator.

Definition 6.2.2. Let V' and W be two vector spaces. A transformation 7 : V — W

is called a linear transformation if the following two properties hold for all vectors «

and U in V' and every scalar c:

(a) T(@+7) = T(@) + T(7), and
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(b) T(ct) = T'(1)

Example 6.2.1. Let V' be the vector space of all real-valued functions that are
differentiable, and let W be the vector space of all real-valued functions. Define
D:V — W by

D(f)=f

where [’ is the derivative of f. We will show that this transformation is a linear

transformation.

(a) Checking addition. Take two functions f and g from V', then
D(f+g)=(f+9) =T +4g =D(f)+ Dlg).

(b) Checking scalar multiplication. Take a function f form V and let ¢ be a scalar.
Then

D(cf) = (cf) = cf' = cD(f).

Both of the properties of Definition6.2.2 are satisfied, so D is a linear transformation.

Actually, this transformation is called the differential operator.

Example 6.2.2. Let V be the vector space of all real-valued functions that are
integrable over the interval [a,b]. Let W = R. Define J: V — W by

b
() = [ 1wy e
Using calculus we can show that this transformation is linear:

(a) Checking addition. Take two functions f and g from V| then
b b b
3+ 9)= [ £ +g(a)da= [ fydot [ gla)de=307) + (o).

(b) Checking scalar multiplication. Take a function f form V and let ¢ be a scalar.
Then

b b
Ief) = / cf(x)de = c/ f(z)dx = I(f).
Both of the properties are satisfied, so J is a linear transformation.
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Example 6.2.3. Consider the transformation T : Po(t) — P3(t) defined by

T(p(t)) = tp(t) + 1.

Since p(t) is from Po(t), the vector space of polynomials of degree 2 or less, we can

write that p(t) = at® + bt + c. Let’s see if this transformation is linear.

(a) Checking addition. Take two polynomials from Po(t), say p(t) = at® + bt + c,
and ¢(t) = at® + Bt + . Then
T(p(t) +qt)) = T(at® + bt + c+ at® + Bt +7)
=T((a+a)t*+ (b+B)t+c+7)
=t((@a+a)? +(b+B)t+c+7)+1
=(a+a)t’ + b+ B>+ (c+7)+ 1.

(6.2.1)

But
T(p(t)) + T(q(t)) = T(at® + bt + c) + T(at* + Bt + 7)
=t(at® + bt +c)+1+t(at> + Bt +v)+1 (6.2.2)
= (a+a)t® + (b+ Bt + (c+7) + 2.
Since 6.2.1 and 6.2.2 are not equal, the first property of the definition 6.2.2

fails. Therefore this is not a linear transformation. (As a practice, show that
the other property, T(cp(t)) = cT(p(t)), also fails.)
Example 6.2.4. Let P4(z) be the vector space of all real polynomials of degree 4 or
less. Let T': Py(x) — Py(z) be given by
d> d
T=—+3—.
dx? + dx
First, let’s just see how to calculate the image of a polynomial, say the image of
3z — 52? — 7w + 10. That is, we have to find T'(3z* — 52% — Tz + 10).

T(3z* — 52® — Tx + 10) = (32" — 52% — Tz + 10)” + 3(3z* — 52° — Tz + 10’
= 3622 — 10 + 3(122° — 102 — 7)
= 362" + 362% — 302 — 31.

Is this transformation linear? We have to check the two properties given in the
definition 6.2.2.

7. GONYE



88 GENERAL LINEAR TRANSFORMATIONS

(a) Checking addition. Let p(z) and ¢(x) be two polynomials from Py(x).

2

T(p(a) +q(a)) = 5 (o) + o)+ 3 (0(r) + 4 e

— bl + ) +3 (o) + alo))

_£%M)+3§m()+drd@+3£ﬂ@>

=T(p(z)) + T(q(x)).

(b) Checking scalar multiplication. Let p(x) be a polynomial from P4(x), and let k

be any constant.

This shows that T is a linear transformation.

6.3 Matrixz Representation of Linear Transformations

The matrix representation of a linear transformation from R"™ to R™ is the standard
matrix of the transformation. But how can we find a matrix representation for a

general linear transformation?

Example 6.3.1. We will use the transformation given in Example 6.2.4. Let T :
Py(z) — Py(x) be given by
d> d

+3—.
da:2 dx

The standard basis for P4(z) is {x?, 23, 2%, 2, 1}. First we calculate the image of each
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of these basis “vectors” under the transformation 7.

T(z*) = (z*)" + 3(2*) = 122° + 122°
T(2%) = (2°)" + 3(2”) = 62 + 92
T(2?) = (%) + 3(2®) = 2+ 62
T(x)=(z)" +3(z) =3
T(1) = (1)" +3(1) = 0.

Now we have to “decode” these polynomials as follows

> Q

azt 4+ bx® + cx® + dx + e is represented by

O

Using this, decode T'(z*), T(x3), T'(z*), T(z), T(1), the vectors we get are the columns

of the standard matrix:

0 0000
120 0 0 0
A=112 9 0 0 0
0 6 6 00
0 02320

6.4 Kernel and Range of Linear Transformations

Example 6.4.1. We continue working with the same example, the transformation
T : Py(x) — Py(z) be given by

B d? N d

da? dv

Definition 6.4.1. The kernel of a transformation 7" form V to W is the set of all

vectors from V' which are mapped to the zero vector of W, that is

T

Ker(T) = {# € V: T(¥) = 0}.
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For transformation from R"™ to R™ the kernel of a linear transformation is the
null space of its standard matrix. For general linear transformations we can use the
matrix representation, but we will have to “decode”. So first we find the null space

of the standard matrix A. The row-echelon form of A is

rref(A) =

o O O O
o O O = O
o O = O O
o = O O O
o O O o O

so its null space is {(0,0,0,0,¢) : ¢ € R}, and a basis for this null space is (0, 0,0, 0, 1).
Using the decoding again, the vector (0,0,0,0,c) corresponds to 0 - a% +0- 2% +0 -

22 +0-2 + c- 1= ¢, which is the constant polynomial c. So
Ker(T) = {all constant polynomials}.

The nullity(7) is the dimension of the kernel of T, therefore nullity(7") = 1.

Definition 6.4.2. The range of a transformation 7" : V' — W is the set of all vectors
w € W for which there is a vector ¥ € V' such that T'(?) = 0.

For linear transformation on Euclidean spaces, the range is equal to the column
space of the standard matrix of the transformation. To find the range of a general

linear transformation 7', we can use its matrix representation.

So in our example, let’s find the column space of its matrix representation. The

first 4 columns of A form a basis for the column space, so

( 3

column space=<ca | 12| +b +c +d ca,b,c,d e R

o OO © O O
N oY O O O
w o o O O

\ Vs
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A basis for the column space is:

(/0 0 0 0\ )
2] o] lo]l| |o
120,19, l0],]0
0 6| |6] |0

L\ o 0 2 3/ |

Remark 6.4.1. We could choose a simpler basis:

( \

S O = = O
O[\D“QOOO
Hw;OO
»—tO\;DOO

\ J

To get the range of T you have to “decode” the column space of A.
Range(T) = {a(12t® + 12¢%) + b(9¢> + 6t) + (6t +2) + d-3:a,b,c,d € R} .
A basis for the range is:

{12¢° + 12t*,9¢* + 6t, 6t + 2,3} .
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