Useful Definitions and Results

(1) For sample {x1, 29, - ,x,}, the sample mean, sample variance, and sample stan-
dard deviation are

f:%ixi, §* = ! Z(mi—f)2, s =Vs2,
i=1
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(2) When n is large, binomial distribution b(n,p) can be approximated by a Poisson
distribution with A\ = np.

(3) Let X1, Xo,--+, X, be a random sample of size n from a distribution with mean p
and variance o2, and X be the sample mean. Then
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EX)=pu, Var(X)=—.
n
(4) (Chebyshev’s inequality) Let X be a random variable with mean p and variance o2,
then for every k > 1,
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and P(|X —p|<ko)>1-—

P(X — i 2 ko) < o
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(6) If Z has N(0,1) distribution, then W = Z2 has x?(1) distribution.

(5) If X has N(u,o0?) distribution, then Z = has N(0,1) distribution.

(7) If X1, Xy, -+, X, is a random sample of size n from N(u,o?) distribution, then

n XZ — 2
W pu—
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has x?(n) distribution, and
(n—1)8*  FL,(Xi—X)?
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has x%(n — 1) distribution, where S? is the sample variance.

(8) (A form of the Central Limit Theorem) Let X;, X5, -+, X,, be a random sample of
size n from a distribution with finite mean p and finite positive variance o2, and let

Xt Tl Y= X Xt 4 X
n

2
When n is sufficiently large, X will have approximate distribution N (p, 0—) and Y
n

will have approximate distribution N (nu,no?).

(9) Let Xy, X, ..., X, be arandom sample from a distribution depends on a parameter
0 with p.m.f. or p.d.f. f(z;0). Then the joint p.m.f. or p.d.f. of Xy, Xs,...,X,,
namely,

L(0) = f(x1,0) f(22,0) ... f(x,,0),
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when regarded as a function of 6, is called the likelihood function of 6.

) (Confidence Interval for Mean) If T is the value of the mean of a random sample of

size n from N(u,0?) with the known variance o2, then a 100(1 — «)% confidence
interval for the population mean p is given by
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) (Small-Sample Confidence interval for Mean) If T and s are the values of the mean

and standard devistion of a random sample of size n from N(u,c?) with the un-
known variance ¢, then a 100(1 — «)% confidence interval for the population mean
1 is given by

<f — ta2(n — 1) % , THtapn—1) %)

This confidence interval is used mainly when n is small, less than 30. When N is
larger than 30, normal distribution can be used.

) (Confidence interval for Variance) If s? is the value of the variance of a random

sample of size n from N(u,0?), then a 100(1 — a)% confidence interval for the
population variance o2 is given by

( (n—1)s (n—1)s 1))
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3) (Confidence interval for difference of 2 means)If 77 and 73 are the values of the

means of independent random samples of size n; and ny from normal populations
with the known variances o7 and o2, then a 100(1 — a)% confidence interval for the
difference berween the two population means is given by

((l’l—{lfg —Za/Q —‘l'— 1'1—1‘2 +Za/2 —‘|‘_>
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) (Small-sample confidence interval for difference of 2 means) If 77, 73, s1, and s, are

the values of the means and standard deviations of independent random samples
of size n; and ny from normal populations with equal variances 02 = o3, then a
100(1—a)% confidence interval for the difference berween the two population means
is given by
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where s, is the value of the pooled estimate of sample standard deviation defined
by

\/(n1 “1)S2 4 (ng — 1)S2
S, = .
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(15) (Confidence interval for proportion) If Y is a binomial random variable with the
parameters n and p, n is large, and p = y/n, then an approximate 100(1 — @)%
confidence interval for the population proportion p is given by

/B —25 [p(1—p)
_Za/2 p+2a/2

(16) (Confidence interval for difference of 2 proportions) If Y; is a binomial random
variable with the parameters n; and p;, Y5 is a binomial random variable with the
parameters ny and pe, n; and ng are large, and p; = y;/ny and py = yo/n9, then
an approximate 100(1 — «)% confidence interval for difference in the population
proportions, p; — po, is given by

<(ﬁ1 )= s \/m(l 12)) N pa(1 —po) =) + 20 \/p1(1 P1) N pa(1 — po) )
ny N2 ny T2

(17) (Sample size required for finite population) In estimating population proportion
p, suppose n is the sample size required such that the maximum error is € with
100(1 — «)% confidence. If the underlying population is finite and the required
sample size n is significant compared to the population size N ;| then the required

sample sized should be adjust to m given by
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(18) A summary of hypothesis testing.

(a) Assumption: X;, Xo,..

with o known.

Null hypothesis: Hy : = pyo

X
Test Statistics: Z =

— Mo

a/v/n

., X, is a random sample from a normal distribution

follows N (0, 1) distribution.

H Alternative Hypothesis H; H Rejection Region \

p-value H

©w io {21 |2] > zas2} | 2P(Z > |Zobserved|)
©w< o {z:2< —2,} P(Z < zobserved)
> o {z:2>2,} P(Z > Zobserved)

(b) Assumption: Xi, X, ..

., X, is a random sample from a normal distribution

with o unknown, and the sample size n is small (n < 30).

Null hypothesis: Hy : u = pyo

Test Statistics: T =

n— 1.

X — 1o
S/vn

follows a t- distribution with degree of freedom

H Alternative Hypothesis H; H Rejection Region

|

p-value

1% 7& o {t : |t| Z Z504/2(71 - 1)} 2P(T(7’L - 1) > |tobserved|)
n < o {t < —ta(n — 1)} P(T<n - 1) < zfobserved)
n > o {t it > ta(n — 1)} P(T<n - 1) > tobserved)

(¢) Null hypothesis: Hy: p = pg

Test Statistics: Z =

tion.

~

P — Do
po(1 —po)/n

approximately follows N(0,1) distribu-



H Alternative Hypothesis H; H Rejection Region \ p-value H
P F Po {2 [2] 2 zape} | 2P(Z > |2observed])
p <o {z:2< -z} | P(Z < zobserved)
P> po {z:22> 2} P(Z > 2observed)

(d) Null hypothesis: Hy: p; = po
P1 — Do
/(1= p)(1/m1 +1/n2)

distribution, where p is the pooled sample proportion (p = (Y; + Y3)/(n1 + n2).
Rejection region and p-value same as the above.

Test Statistics: Z = approximately follows N (0, 1)

(e) Assumption: X, X5, ..., X, is a random sample from a normal distribution.

Null hypothesis: H: 0? = o2.

—1)52
Test Statistics: y? = % follows Chi-square distribution with degree
90
of freedom n — 1.
H Alternative Hypothesis H; \ Rejection Region H
o # 09 {X*:x* = x5 p(n = 1), or

X2 < XT_qpp(n—1)}

o < 0y < an—1)}

> fho (X x*>x2(n—1)}




(19) A table for some well-known distributions. (Note: In the following table ¢ =1 —p.)

H Name H p.d.f \ m.g.f \ mean \ variance H
Bernoulli(p) f(x)=p"¢"™", =01 M(t) = q + pet D g
. . n xr NnN—=x n
Binomial(n, p) f(z) = <x)p q M(t) = (¢ +pe")" | np npq
r=0,1,2,...,n
¢
: - pe 1 q
t == el M t = — —_
Geometric(p) flz)=q¢"p (t) 1— gl » 0
r =12
_ r—1 . (pet)” r rq
N t — T T—T M(t) = - 49
egative f(z) (T B 1)1? q (t) T—g) | 1 e
Binomial (r, p)
z=r,r+1,r+2,...
. €_>\)\gj Yt t—l)
Poisson(\) f(z) = ' M(t) =e™* A A
x!
r=0,1,2,...
Exponential(6) f(z) = L a0 M(t) = ! 7 0*
0 1—6t
0<zr<o
Gamma (a,0) | f(x) = ! @ te/0 | M(t) = ! ab af?
’ INGILS (1 —6t)~
0<z <o
Chi-Square(r) | f(z) = ! P e 2| M (t) = 1 r 2r
I'(%)22 (1—2t)r/2
0<zr <00
1 2 2 o242
Normal f(z) = Wef(zfu) /(20?) M(t) = e!*%3 [ o2
N(u,0?)
—00 < x <00




