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1. INTRODUCTION

The main “unconditional” result of this paper, Theorem 3, states that ev-
ery two-dimensional affine disc in a normed space (that is, a disc contained
in a two-dimensional affine subspace) is an area minimizing surface among
all immersed discs with the same boundary, with respect to the symplectic
(Holmes—Thompson) surface area. To emphasize that this is not at all ob-
vious, it may be worth mentioning that a similar statement with rational
chains in place of immersed discs is incorrect (Theorem 2), and that it is not
known for surfaces that may not be topological discs. The result still may
not sound too exciting to the reader who never looked at the problem before,
even though the problem goes back to Busemann’s works in the 50th (see
[BES], [Th] and references there), and the proof heavily relies on asymptotic
geometry of tori. e believe that it is more important that we embed this
problem into a whole area of (mostly open) problems, as well as give some
partial results and suggest certain directions of how attack them.

e begin with a trivial statement

M F E S . ballin an -dimensional
affine subspace of a Euclidean space has the smallest -dimensional surface
area among all -dimensional immersed discs with the same boundary.

The proof boils down to considering the orthogonal pro ection onto the
affine subspace, which is an area non-increasing map. f course, the state-
ment remains true (and obvious) if “immersed discs” are substituted by
“immersed surfaces” or “ ipschitz singular chains with real coefficients”.

The next statement is an easy corollary of Besicovitch’s ine uality

R F A% E S . The Euclidean
volume of a bounded region in a Kuclidean space is less than or e ual to the
volume of this region with respect to any iemannian metric whose distances
between boundary points ma orize those of the Euclidean distance function.

ow let us formulate a volume growth theorem which is the main result
of [B 1] and served as a starting point for this research.

A\ G R P M . et ( ) be a

universal cover of a iemannian -torus. ne easily sees that the volume of
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a large metric ball of radius in ( )is ) (), fora
positive constant  ( )- The volume growth theorem asserts that

( ) (R standard metric)

These three facts are closely related. irst, there are obvious implications

volume growth theorem lling volume ine uality  minimality of ats.
n the other hand, the argument proving the volume growth theorem is
based on embedding ( ) into an appropriate Banach space . Then, by

a (rather tricky) choice of an auxiliary Euclidean structure in this Banach
space, the theorem is reduced to ust the inimality of lats in Euclidean
Spaces, which is trivial.
ne notices that both the target space for the embedding and the embed-

ded surface arising in the proof of the volume growth theorem carry natural
Banach (resp., insler) structures. The main difficulty in the proof is con-
verting these spaces into appropriate Euclidean ( iemannian) ones. n the
other hand, one naturally formulates analogs of the assertions for Banach
( insler) spaces. t turns out that it is even easier to show the e uivalence of
these assertions to each other than for their Euclidean ( iemannian) coun-
terparts, but neither of them is obvious any more. e formulate them as
the following three problems

M F S (Busemann, Thompson see
[Th] and references there)  oes a ball in an -dimensional affine subspace
of a Banach space minimize volume among all -dimensional surfaces with
the same boundary

F F A% P or a bounded region in a nite-
dimensional Banach space, does its at insler metric have the least volume
among all insler metric whose distances between boundary points ma orize
those of the Banach distance function (Here it is essential that we mini-

mize over metrics whereas it seems that assuming that the ambient
Banach space is Euclidean does not make much di erence.)
F Vv G P oes the olume rowth Theorem

hold for insler tori n other words, does the volume of balls in the universal
cover of a insler torus asymptotically grows at least as fast as that in a
Banach space

n this paper we discuss the relationships between these and several re-
lated problems and give a few partial results. ertainly, the formulations
above are imprecise (especially the third one, where we have to specify the
Banach space to compare with). n order to make the formulations rigorous
we need some preliminaries.

2. R 1 IN RI

2.1. F . By a insler manifold we mean a smooth manifold
together with a continuous function R such that for every
, the restriction of to the tangent space is a vector-space

norm, in other words, ( ) is an -dimensional Banach space.



otice that, unlike some authors, we consider only insler structures given
by (symmetric) norms. iemannian manifolds are insler manifolds whose
insler structure happened to be Euclidean on each ber of the tangent
bundle.
ne may impose additional restrictions on  such as being smooth (out-
side the zero section) and strictly convex (i. e. such that for every the
second derivatives of are positive de nite). These additional as-
sumptions do not make any di erence in the context of this paper. However,
we use them in some of our proofs (more general statements then follow by
approximation).
rom metric viewpoint, enables us to measure length of smooth curves,
namely

ength( ) —

This e uips  with a distance function the distance between two points is
the in mum of lengths of (piecewise smooth) curves connecting the points.
This distance function is denoted by  , and we omit the subscript if this
does not cause ambiguity.
rom dynamical viewpoint, the function (where  is smooth and
strictly convex) may be regarded as a agrangian, and hence it gives rise to
a agrangian ow on . 1 this context, insler manifolds are nothing but
agrangian systems whose agrangians are homogeneous of order 2. Tra ec-
tories of these agrangian systems are ust geodesics on the corresponding
insler manifolds. n this set-up, iemannian geodesic ows are agrangian
ows with uadratic agrangians.
inite-dimensional Banach spaces are trivial examples of insler mani-

folds. amely, a norm on a vector space de nes a insler structure
on by ( ) for , . e say that a insler
metrics if it is (locally) isometric to a Banach space. n (immersed)

submanifold of a Banach space naturally carries a. insler structure de ned

by restricting the norm to the submanifold’s tangent space. n fact, ev-

ery sufficiently smooth insler manifold is isometric to a submanifold of a
nite-dimensional Banach space ([B 2]).

22. F . or a iemannian manifold, there are two impor-
tant aspects of iemannian volume it is e ual to -dimensional Hausdor
measure, and it arises as the pro ection of iouville measure from the unit
tangent bundle. fter converting a iemannian geodesic ow into a Hamil-
tonian ow on the co-tangent bundle, this volume can be viewed as a pro-
ection of the symplectic volume.

or insler manifolds, these features are inherited by two di erent vol-
umes. The so-called Busemann volume is nothing but -dimensional Haus-
dor measure on a insler manifold. The other volume, which is sometimes
called the Holmes-Thompson volume, or symplectic volume, is ust de ned



as the pro ection of the canonical symplectic volume from the bundle of unit
co-tangent balls.

ore precisely, for a insler manifold ( ) one de nes a ber-wise
norm R so that for every the restriction is the
norm dual to . ( lternatively, one can say that -( ) isthe egendre
transform of - , thus () is the Hamiltonian associated with the insler
structure.) Then the Holmes—Thompson volume of a region e uals
the symplectic volume of the set () 1, divided (for
normalization) by the Euclidean volume of a unit ball in R .

n this paper, we will be mainly concerned with the Holmes—Thompson
volume. t seems to be more natural in any dynamical set-up, and it is more
convenient to operate with.

otice that there are also notions of volume for insler metrics (such
as and from [ r]) that essentially substitute a insler metric
by a certain iemannian one. Such volumes may be especially designed
to work with acobians, and for them our problems may easily reduce to
their iemannian counterparts. hile such volumes may be extremely use-
ful when working with a iemannian problem that re uires some insler
considerations, we do not think that they are natural in insler geometry.
or instance, they are often not sensitive they can stay unchanged when a
metric is increased on an open subset of the tangent bundle.

insler volumes can be expressed by integral formulas in coordinates.

amely, if ol is a insler volume functional which depends continuously

on the insler structure, then for a region R with a insler structure
one has

(1) ol ) ol( )

where [0 1] is the unit cube in R , and  is a Banach norm in R
(regarded as a at insler structure) obtained from via the identi -
cation. R R.

or Busemann and symplectic volumes, this can be written as follows. or

a point in a insler manifold ( ), de ne () 1
and () 1. f R , one identi es )
and R , and then the formula (1) for Busemann volume takes the form

1

(2) ol ) — ()

and for symplectic volume one gets
1
(3) oll ) — ()

where is the standard Euclidean volume in R and is the volume of
the -dimensional Euclidean unit ball.



et ol is a insler volume functional, ( ) a insler manifold, a
smooth manifold and an immersion. e denote by ol( ) or
ol( ) the volume of  with respect to the induced insler structure

This is generalized to arbitrary smooth and even ipschitz maps (also
known as “singular surfaces” in ) as follows. et isa ipschitz
map, then is di erentiable almost everywhere and so yields a measurable
pull-back “ insler structure” . Then one de nes ol( ) by
integrating over  the insler volume form determined by . (The volume
form is de ned similarly to (1) at points where is in ective, and
e uals zero at other points).

By additivity, this de nition of volume extends to ( ipschitz) singu-
lar chains in insler manifolds, in particular, in nite-dimensional Banach
spaces.

ote that a ipschitz map can be approximated by smooth maps so that
the derivatives converge in  (implying that the volumes converge). This is
what we will mean by saying that something “follows for ipschitz surfaces
by approximation”.

23. S . et ( ) bea insler manifold
acted uponby . or and , the action of on is denoted by
e assume that this action is co-compact, proper and by isometries.

This means that is a compact insler manifold and the pro ection
is a covering map moreover acts by deck transformations.

e will call ( )a insler manifold. s the leading example, one

may think of the universal cover of a insler -torus together with its deck
group. n this case can be identi ed with R carrying a insler metric,
which is invariant under translations by vectors from
The of ( ) is a norm on R de ned as follows x an
, then for a set

lim

t is easy to see that this limit exists, does not depend on , and that the

function de ned by this formula extends to a vector-space norm on R .
nother way of de ning the stable norm is the following
D T (But). ()

n particular, this ine uality implies that the romov-Hausdor distance
between ( ) and the Banach space (R ) is nite. ote that this
property de nes the Banach space (R ) up to a (linear) isometry. Thus



the isometry class of (R ) remains the same if one chooses another
action of  on ( )-

s the matter of fact, our de nition is slightly di erent from the classical

way of de ning the stable norm on R). They coincide, however,
in the case of the universal abelian cover in general situation, arises as
the pro ection of the norm from  ( R).

3. ON CTUR TT NTO T UT
3.1. M . n this section, a par-

ticular choice of volume functional ol does not play any role. This may
be symplectic volume, Hausdor measure, or any other measure monotone
with respect to

e begin with the following de nition. et ( ) be a periodic insler
manifold. The ( ) is de ned by

G ®)

where () is the metric ball of a radius centered at a point
This limit exists and does not depend on , moreover ( ) can be
expressed by the following formula

() () ol ) ()

where R is the unit ball of the stable norm of ( ), and is the

ebesgue measure in R . ndeed, the Bounded istance Theorem implies
that the ball () in ( ) covers the uotient space approxi-
mately () times, where () ( ), that is the number of
integral points in the the -ball of the stable norm. Hence ol( ( ))

() ol ). bviously ( ) asymptotically e uals (), so the
formula ( ) follows.

e are now in a position to state our main con ectures. irst we formulate

them in the simplest topological set-up.

C A, ()

ol( ) ol( )

ote that the ipschitz version of this con ecture follows by approximation
from the one with immersions (assuming that the latter holds for spaces
of any dimension). ndeed, one can approximate any ipschitz map from
to by an immersion to a higher-dimensional space



oll ) ol )
T

3.2. M . rom now on, we will be concerned with
symplectic volume. e reserve the notation ol for this volume. f we want
to stress a particular dimension, we can write -volume or ol for instance,
2-volume is symplectic surface area.
ne may notice that on ecture B naturally embeds into a classical
scheme. amely, the insler volume ol de nes an area functional on
-dimensional surfaces in a Banach space  (more generally, on ipschitz
singular chainsin ). e xan( 1)-dimensional chain contained
in an -dimensional affine subspace of  and want to minimize ol( ) sub-
ect to . ne then agks if a minimum is attained on a chain contained
in the affine subspace. n on ecture 2, we re uired that is represented by
a topological disc. Thus, one formulates the following “homological” version
of on ecture B

C

This con ecture is e uivalent to that the -dimensional volume functional
is elliptic (over ) in any Banach space whose norm is uadratically convex.
Ellipticity is a classical and very important property in the theory of mini-
mal surfaces. e will use the term for the property formulated in

on ecture B’, even if the Banach norm is not uadratically convex. on-
ecture B’ (as well as  on ecture B) has been rst formulated by Busemann
(see, for instance, [BES] and [Th]), who also proved it for codimension 1

(that is, when the dimension of the Banach space is 1).
on ecture B’ obviously implies on ecture B. n fact, the two con ectures
are e uivalent for every 3. ndeed, for 3 any -chain over whose

boundary is a topological sphere can be replaced by an immersed -disc
spanning the same boundary and having almost the same volume (see [ 1],

ppendix 2, roposition ’). n dimension 2, one has to consider not
only immersed discs but also discs with handles.

The assumption that we are looking for a chain with integral coefficients
is essential. The following theorem presents a counter-example to a version
of this con ecture over rational coefficients. t also leaves little hope to have
a “simple” argument proving the con ecture. +t least, classical methods of
proving ellipticity do not distinguish integer versus real coefficients.

T



ol (1) ol ()
10

n the positive side, the following theorem holds
T . 2

Therefore, on ecture B’ is true in dimension 2 for chains represented
by immersed discs (versus “discs with handles”).

There are some non-trivial situations when ellipticity can be shown, namely
there are spaces whose 2-volume functional is elliptic over integers but it fails
to be elliptic over reals or rationals

T

roof of this theorem will be published elsewhere.
3.2.1. nlike in the iemannian case, e uality in on ec-
tures ,Band (for 2) does not imply that that the metric or surface

in uestion is at. or each of the con ectures, the metrics satisfying the
e uality form an in nite-dimensional family. The most interesting case in
that of on ecture assuming that the periodic metric  is smooth and
strictly convex,

ne-side implication is trivial if the volume growth ine uality turns to
e uality, then the metric cannot have con ugate points. ndeed, suppose
there are con ugate points, then there exists a geodesic segment [0 ]

which is not minimal (i. e., its length  is greater than the distance
between its endpoints). Sufficiently long minimal geodesics (say, those of
length at least 2 ) must avoid some  -neighborhood of . Therefore one
can slightly decrease  in a neighborhood of the velocity vector (0) so that
all large distances between points, and hence the stable norm, remain the
same. The asymptotic volume growth of the new metric is strictly less than
that of the original one (cf. ( )), hence the volume growth ine uality for the
new metric implies the strict ine uality for the original metric.

The other implication can be obtained by combining the proof of on ec-

ture  with the results of [He], cf. section 5.

3.2.2. et us also mention that on ecture B’ is true
in all dimensions for ipschitz chains whose tangent is sufficiently close to

(a.e.), and hence affine planes in normed spaces are (at least) locally area
minimizers (in the strongest sense)

3 . ([BES)).



ol( )

This emma also follows from our considerations in Section .1.

33. G . The reason why volume functional
might fail to en oy ellipticity can be seen by looking at volume form on
the rassmannian cone in the space of -vectors. t has been noticed by
Busemann that volume form may fail to be convex (i.e. extendible to a
convex function on all -vectors). amely, there exists a four-dimensional
Banach space  and three simple 2-vectors and whose sum

is also a simple 2-vector and

(5) ol() ol() ol() ol )

(where ol( ) is the Holmes-Thompson areas of a parallelogram spanned by
). This means that the norm induced by Holmes-Thompson areas on the
set of simple 2-vectors in  cannot be extended to a convex function on the

space of all 2-vectors (see [BES])
f one could construct a polyhedron whose boundary belongs to an affine
plane and whose faces represent the 2-vectors , and ., this would immedi-

ately give a counter-example to the on ectures. This suggests the following
problem in classical Euclidean geometry. or simplicity, we discuss it for two
dimensional surfaces.

et us begin with an oriented polyhedral surface in R . Each (oriented)
face of the surface represents a 2-vector (which is parallel to the face and
whose length is e ual to the Euclidean area of the face). f the polyhedron
has parallel faces, we add the corresponding 2-vectors together. This way
we obtain a nite collection of simple 2-vectors, which will be called

. E uivalently, for each face of the polyhedral surface, one

introduces an atomic measure on the rassmannian manifold of oriented
2-planes. This measure is concentrated at the point representing the face
and its weight is e ual to the Euclidean 2-volume of the face. The sum of
these measures gives nothing but the same weighted directions of faces.

ore generally, for a smooth surface, the push-forward of Euclidean 2-
volume under the aussian map de nes a measure on the rassmannian
manifold. This measure will also be called the aussian measure of the
surface.

e are concerned with the following problem, which can be asked for
both polyhedral and smooth surfaces

iven an (atomic) measure on a rassmannian manifold, we want to know
whether it can be approximated (with any given precision) by the aussian
measure of a (polyhedral) surface whose boundary is a simple curve in a
2-dimensional affine subspace



more natural uestion (which is, however, not uite e uivalent to this
one) is which measures on the rassmannian can be approximated (with
any given precision) by a directional measure of a closed surface.

To illustrate why we want to approximate a measure instead of trying to
get it precisely, let us consider the following example regarding 2-dimensional
surfaces in R .

et us choose three vectors R with 0, and a vector |,
and consider the atomic measure concentrated on , and with
e ual weights on each. eometrically, the faces of a polyhedral surface with
this aussian image are parallel to three planes that have a line in common.

t is easy to see that such surface cannot be closed. However, adding an
arbitrarily small amount of faces parallel to any direction transversal to
allows one to construct a closed surface (which looks like a long prism with
two small lids) with this aussian measure.

There is an obvious linear constraint. To a point in the rassmannian
manifold, one associates a unit 2-vector. ntegrating this function against
the directional measure of a surface whose boundary belongs to , one
obviously gets a simple 2-vector parallel to .  nalogously, for a closed
surface this integration must yield the zero 2-vector. (a well-known physical
interpretation in codimension 1 is the fact that the total force produced by
the air pressure is zero).

t is not difficult to show that, in co-dimension one, this (linear relation)
is the only constraint. The reason is that every ( 1)-vector in R s
simple. olyhedral surfaces with approximately given directional measure
can be constructed by an inductive procedure. oosely speaking, each step
of the induction consists in merging two atomic weights in the directional
measure similarly to the example with a prism.

n higher co-dimensions, there are other constraints, whose nature re-
mains rather obscure. The fact that on ecture B is true for two-dimensional
surfaces already implies the existence of such constraints for surfaces repre-
sented by immersed discs (otherwise, a counterexample could be constructed
out of Busemann’s example of four two-vectors with a “reversed triangle in-
e uality” at the beginning of this section). oreover, the proof of Theorem

is based on extracting a (rather clumsy) non-linear constraint of this sort.

3. . A . or the reader who does
not want to think about Banach spaces, we can suggest a rather classical
formulation of a problem in Euclidean geometry, which seems to incorpo-
rate many of the features of on ecture B. n the other hand, this problem
does not have its analogs in intrinsic geometry that would be counterparts
of omnectures and , and this circumstance leaves less diversity in pos-
sible approaches to this problem (note that our proof for dimension two is
essentially intrinsic). The problem reads as follows

onsider a (metric) l-sphere  and a convex body in an -
dimensional Euclidean space ( ). s it true that a minimum of the



Euclidean volume of the inkowski sum over all surfaces with bound-
ary is attained on the (metric) disc bounded by

The answer is “yes” for surfaces of co-dimension 1, that is for 1,
and also for n 1 (the proof we know is an easy argument relying on the
Stokes’” Theorem). n the latter case, the sphere is ust a pair of points,
“surfaces” are curves connecting the points, and the problem basically asks
whether, given two points, a straight tunnel has the smallest volume among
all tunnels between that are enough to carry  (without tilting it) from one
point to the other.

Ul NC O ON CTUR

n this section we prove Theorem 1, namely that the con ectures (about
the asymptotic volume growth), B (about minimality of ats) and (about
lling volume) are e uivalent for any given dimension

e begin with simple implications B.
1. C C C . et be as in
on ecture B, and let denote the Banach norm of . +t suffices to
prove that ol( ) ol( ) for any immersion such that
is the identity map. et denote the insler metric on  induced by
Then () for all . ndeed, ( ) isthein mum
of lengths of curves connecting and in the surface parameterized by
and the length of any curve in ( ) connecting and  is no less than
. pplying onecture to ( ), and , we obtain that
ol( ) ol ) ol( )
2. C A C C. et ( ), and Dbe as
in onecture . ntroduce a lattice in  such that the images of
under translations by elements of are dis oint. Then de ne a insler
structure on as follows is the parallel translation of in every
region where , and outside . Then is -
periodic and piecewise continuous. et denote the stable norm of
The assumption that on implies that everywhere and
hence . Then by on ecture (extended to piecewise continuous
insler structures by approximation) one has ( ) ( ). Since

C ) ( )
ol( ) ol )

by ( ), it follows that
ol( ) ol ) ol )

Then ol( ) ol( ) ol( ) because  and coincide
outside



3. C . 1 the rest of this section we prove the impli-
cation on ecture B on ecture  (i. e., we prove the volume growth
ine uality assuming minimality of ats in Banach spaces). e begin with
several constructions involving periodic metrics. (These constructions are
also used in the next section).

et  be a manifold e uipped witha  -periodic length metric and

its stable norm. This norm is de ned on the vector space R R.

e denote by the space of linear functions from to R and by the
norm dual to , that is the norm on de ned by

sup () 1
et denote the unit ball of . ts boundary is the unit sphere of
, 1.e. the set of unit-norm linear functions.

D . . e say that a function R a linear
function if

(1) isa ipschitz-1 function,ie. () () () for all

@ () () ()fran

R . . f satis es the above de nition, its derivative pro ects
down to as a (measurable) closed 1-form which calibrates the length
functional and whose de ham cohomology class (pro ected to ) e uals

t is known that the de nition of the stable norm in terms of such 1-forms

can be interpreted as follows inf 0 there exists a function
calibrating
P .. R

SO

ix a point and de ne
() limsup ( () ( )
for an . e will prove that is a desired calibrating function.
1. The values of are nite. ndeed, since 1,one has ()
for all and there is a se uence in such that and
() . By the Bounded istance Theorem,

( )

for all . Hence

o ¢ 9 0O ¢ ) ) )

for all , and

(. ¢ ) O ) ) )

for all . t follows that  ( ) () )



2. is ipschitz-1 as an upper limit of ipschitz-1 functions.
3. The second condition from e nition .1 follows from  -periodicity
of the metric

( ) limsup ( ( ) ( )
limsup ( ( ) ( )
limsup ( () ) ) ()

(the second e uality is obtained by a change of variables )-
. iven , there exists a se uence in  such that
and () lim ( () ( ). et 0 ( )] be a
minimal geodesic oining and . standard compactness argument
shows that a subse uence of converges pointwise to a geodesic ray
[0 ) . Then satis es ( ( ) () for all . ndeed,

( () limsup( () ( () )
limsup( () ( () )
limsup( () ( ) ()

The inverse ine uality ( ()) () follows from the fact that is a
ipschitz-1 function. The proposition follows.

R . . The formula for in the above proof is similar to the classical
de nition of Busemann functions. The Busemann function of a geodesic
ray is obtained from distance functions of points () as . The
above formula for can be interpreted as the same construction applied to
distance functions of a family of parallel “hyperplanes” () in ,
where the inclusion is given by . (' n fact, one could use
affine hyperplanes if ~ is the universal cover of an -torus and is identi ed
with R .) n this interpretation, the geodesic constructed in the last part
of the proof is an analog of an asymptotic ray.

.. E . onsider the vector space () of bounded
real-valued functions on e uipped with the standard norm ,
sup . Then admits a canonical linear embedding into
(), namely the image ( ) of a is the function given by
()() ( ). The duality theorem for convex bodies (saying that
) implies that is an isometric map, i.e. () for all
alibrating functions discussed in the previous section allow us to con-
struct a ipschitz-1 e uivariant map (), where e uivari-
ance is considered with respect to the action of in and the action
of ( )in () by parallel translations, namely that  ( )



() () for all ) . Since is ipschitz and e uivari-
ant, its image stays within a bounded distance from the linear -subspace

() ¢ )

Such a map can be constructed as follows. ix a point and as-
sociate to every a calibrating function =~ suchthat ( ) 0 (this
can be achieved because one may add constants to calibrating functions).

ene ()() () for ) . Then () is a bounded

function on , SO is a map from  to ( ). The ipschitz-1
property and e uivariance follow immediately from the two conditions of

e nition .1.
n fact, we will use only nite-dimensional approximations to these maps.

et R denote the space R e uipped with the -norm given by
( ) max . iven a collection , one de-
nes a coordinate pro ection () R by ()
( () ()). This pro ection is obviously a ipschitz-1 map. om-
posing with and , one obtains ipschitz-1 maps

R C ) ()
and

R C ) ()

f is a sufficiently ne net in , the map is “almost
isometric” in the ipschitz sense, i.e.

™ ) ()

for all , where can be made arbitrarily small by the choice of and
ndeed, the pull-back of under is the norm on  whose unit
ball is the polyhedron () 1 for all . Such a polyhedron
(i.e. a polyhedron bounded by a collection of hyperplanes supporting ) can
approximate arbitrarily close, and the above ine uality holds whenever it
is contained in the set (1 )

5. C C A. ow assume that ( ) is the
universal cover of a insler -torus and . e identify with R
so isa  -periodic insler structure in R and the stable norm is
de ned on R .

ix a small 0 and choose a collection such that

() @ )

for all (see the previous section). or brevity, we denote the maps
R and R by and resp. Since
is a ipschitz-1 map, it is a volume non-increasing map.
iven an 0, consider a surface in R parameterized by the map
restricted to (note that is the ball of radius in the
space ( ))- onsider a surface inR parameterized by ( ) [0 1]
so that every ber [0 1] (where ()) parameterizes the straight
line segment from () to ( ). This surface is a “collar” oining the



boundaries ( ( ))and ( ( ))inR . Since and are ipschitz
maps and () () is bounded uniformly in , the volume of the
collar has an upper bound of the form . The union of and
is a ipschitz surface (parameterized by a disc) spanning the boundary
() (( )). Since ( ) ( Jand ( )isan -dimensionallin-
ear subspaceof , on ectureB yieldsthat ol( ) ol( ) ol ().

Thus
ol( ) ol ) ol ( ) ol )
) ol )

n the other hand, the Bounded istance Theorem implies that there is a

constant  such that the set is contained in the ball (with respect to the
metric ) of a radius centered at 0. Therefore

A (D B G

@ ) oc ) o )y )

Since is arbitrary, on ecture follows.

5. O DI N ION C

The goal of this section is to prove Theorem 3. e will do it by showing

that the olume rowth onecture is true in dimension 2. et
( ) be the universal cover of a insler 2-torus and its stable norm
de ned on R . e keep on using terms and notations for periodic
metrics and stable norms introduced in the previous sections.
Since and ( ) depend continuously on , we may assume that
is smooth and uadratically convex.
e denote by the unit co-tangent bundle of ( ), that is,

() 1. dentify and by means of a
-e uivariant di eomorphism and x an orientation on these spaces. This

orientation induces a cyclic ordering on the unit sphere in and the
bers of the unit co-tangent bundle (note that and the bers of
are homeomorphic to ).
L .. R
or 123 let [0 ) be a unit-speed geodesic ray
such that (0) and ( ()) () (cf. roposition .3). Then
(0) is a unit vector and ( (0)) 1, implying that 1. n

the other hand, 1 because is a  ipschitz-1 function. Hence



The stable norm of a two-dimensional torus (with smooth uadratically
convex metric) is strictly convex in the sense that the boundary of its unit
ball contains no straight line segments (cf. [Ba]). Hence for every 123
there is a uni ue vector such that ( ) 1. oreover and
are related by an orientation-preserving homeomorphism from to

similar homeomorphism (in fact, the egendre transform) from
to maps the derivatives to vectors  (0). Thus it suffices to
prove that the vectors (0) in are cyclically ordered in the same way
as the in

Since we have identi ed and , we have a (non-invariant) vector space
structure on . sing this, the Bounded istance Theorem can be written
as

Hence

0 .

lim sup

because is a unit-speed geodesic. n the other hand, the function
is  -periodic and hence bounded. By the choice of  we then have

CO ) co) O

lim lim

0

t follows that ———— converges to  as

or a 0 let ( ) denote the rst intersection point of  and the
convex ordan curve . Then ( ) as .
Thus if is large enough, the points ( ), ( )and ( ) have the same
cyclic order in as and in . n the other hand, the curves
have no common points except  because they are minimal geodesics
in . Then the ordan curve theorem implies that their initial velocities
(0), (0) and (0) in are cyclically ordered in the same way as
the points , and in . The lemma follows.

e are now in a position to prove on ecture for the two-dimensional
case. hoose a (sufficiently ne) cyclically ordered collection of linear func-
tions .1l indices below are taken modulo . et

R be their calibrating functions as in roposition .3. or

1 , de ne a linear map R and a ( ipschitz) map

R by () () ()ad () () ()

onsider a measurable 2-form on . This form is the
pull-back under  of the standard area form inR ,and itis -
periodic, so it can be thought of as a 2-form on . e want to compute
the integral of over . bserve that is e uivariant with respect to
the given action of on  and the action of ( ) on R , and that the



uotient map from toa at torus R () has degree 1. Hence
® ()

where is the two-dimensional area coming from R .
value of a 2-formin  at a point is a bi-vector in the vector space
Such bi-vectors can be represented by oriented areas of subsets of
n particular, the 2-form - is represented by the area of the
triangle with vertices 0, and , taken with the appropriate sign.
The above emma 5.1 implies that the co-vectors are cyclically
ordered in , hence the sum (over all ) of the areas of these triangles
e uals the area of their convex hull. Thus

() R () ( )

2
where () denotes the di erential form represented by a given sub-
set of . enote by the unit co-tangent ball at an , 1. e.

() 1. ecallthat the two-dimensional Holmes—
Thompson volume is given by

() =+ ()

Since the are unit co-vectors, their convex hull is contained in the unit
ball, and we conclude that

() 3 ® () C ) ol( )

The same computation for the at Banach space ( ) with functions
in place of  yields

R () A o )

where is de ned by

( ) @ ) ()

Thus ol( ) (1 ) ol ). Since can be made arbitrar-
ily small, it follows that ol( ) ol( ). This is e uivalent
to on ecture

inally let us show that this ine uality turns to e uality if  has no

con ugate points. ndeed, in this case the correspondence is a
restriction of a xed homeomorphism from to . (This homeomor-
phism is the composition of the egendre transform and

. Heber’s weak horospherical foliation, cf. [He].) Hence the set



approaches the unit circle (in the sense of Hausdor dis-

tance) as the set approaches . Then the area of the convex
hull in ( ) converges to (), the left-hand side of ( ) converges to
ol( ), and we conclude that ol( ) ol( )-

The goal of this section is to prove Theorem 2, namely to construct a four-
dimensional Banach space in which the (Holmes-Thompson) area functional
is not elliptic over . n other words, we are going to give an example of
a singular chain with rational coefficients such that the area of the chain
is strictly less than the area of an affine disc with the same boundary. e
will not worry about smoothness of Banach norms in our construction since
an example with a non-smooth norm can be smoothened. ndeed, if an
example can be constructed in a Banach space with a non-smooth norm,
the same surface would give examples for all sufficiently close norms due to
the continuity of area functional with respect to the Banach norm.

e will show that every Banach space from a certain class has non-elliptic
2-volume. irst let us give one explicit example of a space from this class.

et R be the convex hull of a curve parameterized by
(sin cos sin3 cos3 ) R
This set is a compact symmetric convex body, hence it is a unit ball of
some norm . et be the dual to norm . Then the 2-volume
de ned by is not elliptic over more precisely, a disc contained in the

rst coordinate plane does not minimize 2-volume in the class of rational
chains.
ow we pass to the proof. irst we begin with a computation that explains
where Busemann’s examples of “reversed triangle ine uality” (5) come from.
This computation will enable us to construct such examples in Banach spaces
with certain additional properties.

d. 8 F T A . et be a four-
dimensional vector space, and let denote the dual space (of linear func-
tions R). Two-dimensional oriented linear subspaces of  will be
called planes. or every plane there is a natural linear map from

to , namely the restriction operator . e call this map the
to and denote it by r (if one identi es each space with its

dual via a scalar product in , this map turns to an orthogonal pro ection).
enote by () the two-dimensional rassmannian cone of , that is

the subset of consisting of simple bi-vectors. or a nonzero bi-vector
() we denote by ( ) the plane in  spanned by . bserve

that canonically de nes an area form in the dual plane ( ) indeed,
a bi-vector  is a linear function on ( ) (), or, e uivalently, a
bi-linear skew-symmetric function on ( ). e denote by rea the

ebesgue measure on () determined by this area form.



or a unit bi-vector in a Euclidean space, rea is ust the standard

Euclidean area in () (). nehas rea rea for every

0.

et be a Banach norm on , and be the unit ball of the
dual norm. irst we express the symplectic area ol in ( ) in terms
of pro ections of . e represent this area as a positively homogeneous
function on the rassmannian cone ( ) . amely, ol () for
a () e uals the area of a parallelogram spanned by . Then we
have

1

ol( ) —rea (r ()

i. e., our functional (on unit bi-vectors or ust planes in a Euclidean space)
is given by areas of pro ections of the convex body . ndeed, for a plane
, the dual unit ball of the restriction of to ewuals r ( ),
then the above formula follows from the de nition of ol (cf. (3)).
ne can integrate positively homogeneous functions on () over sin-
gular 2-chains in , and integrating the above function ol yields the
symplectic area of a surface. ur goal is to compare ol (for a suitable
) with a linear function on restricted to ().  ote that
the integral of a linear function over a chain depends only on the chain’s
boundary because a linear function on is nothing but a 2-form in
with constant coefficients.
ix a plane . ow we restrict ourselves to bodies of special
form. amely we assume that is the convex hull of (the image of) a
-smooth curve such that the pro ection r is a simple,
regular, right oriented and strictly convex closed curve in . To simplify
notation, we use the same letter for the map and its image.
ow de ne a function R by

() 5 O 0)

where the dot, of course, denotes the application of a 2-form to a bi-vector.
bviously  is linear. et () and let () be the plane
spanned by . Since

( ) (r () ()

for all , we have
cO ) (Cr O Cxr )0)
ote that the area form de ned by  on the dual plane () is
nothing but multiplication of a 2-form by . So one can interpret the last
expression as the oriented area rea spanned by a vector in the pro ected
curve T and its velocity. Hence the uantity



e uals the area of the region(s) bounded by the pro ected curve r ,
counted with respective multiplicity (how many times the curve surrounds a
region). n particular, if the pro ection is a simple and right oriented curve,
then () is the area of the region that it bounds. fthe plane ()
is sufficiently close to our xed plane , then the pro ection is simple, right
oriented and convex, so

() rea (onv(r ()) rea (r( ) ol ()

Thus we obtain the following
L .. ol

f the pro ection r is a simple curve, then one always has ol ( )

() because the area of a region in not greater than the area of its convex
hull. However if the pro ection has self-intersections, some parts of the
convex hull may be surrounded by the curve more than once (counted with
multiplicity greater than one). s a result, it may happen that ol
for some planes. or instance, in the example given in the beginning of this
section, the pro ection of the curve to the last coordinate plane is the triply-
covered circle and therefore 3 ol ol on this plane. e summarize
our observations in the following

L .. R ( )
ol
ol

2. A . e will show that a norm from emma .2
is not elliptic over .  ore precisely, we will construct a polyhedral surface
, parameterized by a planar polygon, such that its boundary wraps

times around the boundary of a region in the -plane, but ol ( )

ol ( ), for some natural number . e ne a function () R
by ( ) ol () (). Then the desired ine uality is e uivalent to
that

ol () 0
because the integral of over a chain depends only on the chain’s bound-
ary, and in our case e uals ol ().
ix an 0 such that ol for all planes that form angles less than

3 with the -plane (here we use the rst property from emma .2).
irst we describe the triangulation of out surface. et be sufficiently

large. et be a regular ( )-gon in the plane centered
at the origin , and let be a large regular (3 )-gon obtained
from via a homothety centered at . e triangulate the poly-
gon into the polygon and the triangles ,

, and (all indices are taken modulo 3 ). e will
construct the desired surface as a map R which is affine in each

element of this triangulation.



or the vertices , de ne ( ) where is a regular polygon

in the -plane such that 1forall . et () , the side of
this polygon (measured in the Euclidean metric).
et be three unit vectors in the -plane forming angles 2 3

with each other. e ne

for 1 3 . This de nes the images of the triangles they are
thin e uilateral triangles whose lateral sides are almost parallel (form angles
less than ) to vectors . inally, choose a very large 0 and de ne

() 5

This determines the images of all vertices and thus de nes the map

R . bserve that the -image of the boundary wraps times around
the triangle which is contained in the -plane.

t remains to prove that 0 provided that and are large enough.

irst observe that the triangles containing “distant” points () are
almost parallel to the -plane in the sense that their two-dimensional ori-
ented directions are (3 )-close to the -plane (if is no less than,
say, 10 ). Therefore 0 for these triangles (by emma .1), hence the
integral is composed of the integral over the polygon and the
integrals over the triangles . The former is negative and bounded
away from zero (as ) since 0 for the -plane and the area of the
polygon converges to a positive constant. n the other hand, the total area
of the triangles goes to zero as , 80 does the corresponding
term in the integral of . Thus for a large enough , the negative contribu-
tion to coming from integration over the polygon outweighs
the possible positive contribution coming from integration over the triangles,
and therefore 0. This completes the proof of Theorem
R NC
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